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a b s t r a c t
Let F be a collection of r-uniform hypergraphs, and let 0 < p < 1.
It is known that there exists c = c(p,F ) such that the probability
of a random r-graph in G(n, p) not containing an induced subgraph
from F is 2(−c+o(1))(
n
r ). Let each r-graph in F have at least t
vertices. We show that in fact for every ϵ > 0, there exists δ =
δ(ϵ, p,F ) > 0 such that the probability of a random r-graph in
G(n, p) containing fewer than δnt induced subgraphs each lying in
F is at most 2(−c+ϵ)(
n
r ).
This statement is an analogue for hereditary properties of
the supersaturation theorem of Erdős and Simonovits. In our
applications we answer a question of Bollobás and Nikiforov.
© 2011 Elsevier Ltd. All rights reserved.
1. Hereditary properties
Let F be a collection of r-uniform hypergraphs (which we abbreviate to r-graphs). Let P =
Forb(F ) be the collection of all r-graphs not containing an induced subgraph fromF .P is a hereditary
property; it is a collection of r-graphs closed under graph isomorphism and under taking induced
subgraphs. LetP n ⊂ P be the set of these r-graphs on vertex set [n]. Let G(n, p) be a random r-graph
on vertex set [n]where each edge is included uniformly and independently with probability p.
Proposition 1 (Alekseev [1], Bollobás and Thomason [4]). Let P be a hereditary property for r-graphs.
Define cn via
Pr[G(n, p) ∈ P n] = 2−cn( nr ).
Then the limit limn→∞ cn exists.
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(Strictly speaking, Alekseev only proved the case r = 2 and p = 1/2, but his argument shows
that Proposition 1 follows from the Erdős–Hanani conjecture as proved by Rödl [11]. Bollobás and
Thomason [4] show that in fact cn is increasing in n.)
For the property P = Forb(F ), let c(p,F ) be the limit in Proposition 1. For p = 1/2, the above
probability is exactly proportional to the number of r-graphs without an induced subgraph from F .
The case r = 2 has been studied extensively. Prömel and Steger [10] showed that c(1/2, {F}) =
1/t , where t is the maximum integer for which there exists s, 0 ≤ s ≤ t such that the vertices of
F cannot be partitioned into s cliques and t − s independent sets. For example, c(1/2, {C4}) = 1/2,
where C4 is the 4-cycle. The case p ≠ 1/2 has also been studied extensively; for more on this, see
[5,9]. The value of c for a collection of r-graphs F when r > 2 is a much harder problem; it is at least
as hard as the extremal density problem for F .
2. Supersaturation
Our main theorem is that, loosely speaking, the probability of containing a positive density of
induced subgraphs each lying in F is not that much less than the probability of containing a single
induced subgraph lying in F .
Theorem 2. Let F be a collection of r-graphs each with at least t vertices, let 0 < p < 1 and let c =
c(p,F ) be as above, i.e., letting P n be the set of r-graphs on vertex set [n] not containing an induced
subgraph lying in F ,
Pr[G(n, p) ∈ P n] = 2(−c+o(1))( nr ).
Then for every ϵ > 0 there exist n0 and δ > 0, depending only on ϵ, p,F , such that if A is a collection of
r-graphs on vertex set [n], n > n0, with
Pr[G(n, p) ∈ A] > 2(−c+ϵ)( nr ),
then some r-graph inA contains at least δnt induced subgraphs each lying in F .
We wish to draw a parallel with the supersaturation theorem of Erdős and Simonovits [8] which
says the following. For a collection of forbidden r-graphs F each on at least t vertices, let ex(n,F ) be
the maximum number of edges of an r-graph on n vertices containing no copy of any r-graph in F
(not necessarily induced), and let π = limn→∞ ex(n,F )
 n
r
−1 be the extremal density limit. Then for
every ϵ > 0 there exists δ > 0 and n0 (depending only on ϵ and F ) such that any r-graph with more
than (π + ϵ)  nr  edges on n > n0 vertices contains at least δnt subgraphs each lying in F .
The case p = 1/2, r = 2,F = {F} of Theorem 2 was proved by Bollobás and Nikiforov [3], using
results relying on Szemerédi’s Regularity Lemma. They ask whether a proof could be given avoiding
the regularity lemma. We show that this is indeed possible. (More specifically, for the result that they
state this can be done by using Theorem 2 together with the proof of c = 1/t by Alekseev [2].) It may
also be possible to use the methods of [3] together with strong hypergraph regularity to prove the
case p = 1/2 of Theorem 2; see the paper of Dotson and Nagle [6] for the use of hypergraph regularity
with hereditary properties.
Theorem 2 also generalizes a theorem of Erdős et al. [7], where they prove the case p = 1/2 and
F = {Kt}, a complete graph on t vertices.
In Dotson and Nagle [6], it is shown that the number of r-graphs on n vertices not containing an
induced subgraph from a collection F is essentially determined by the number of subgraphs of a
single r-graph. Specifically, there exist edge sets E, E0 ⊂ [n](r), with E ∩ E0 = ∅, such that for all
X ⊂ E, the r-graph with edge set E0 ∪ X does not contain any F ∈ F as an induced subgraph, and the
number of generated graphs is 2|E| = 2(1−c)( nr )+o(nr ), where c = c(1/2,F ). Write ex∗(n,F ) for the
maximum number of edges |E| of such a pair (E, E0). We have the following immediate corollary of
Theorem 2, which can be considered a more direct analogue of the supersaturation theorem of Erdős
and Simonovits than Theorem 2.
Corollary 3. Let F be a collection of r-graphs each with at least t vertices, and let ϵ > 0. Then there
exist n0 and δ > 0, depending only on ϵ,F , such that for all n > n0, if E ⊂ [n](r) is an edge set of size
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|E| ≥ ex∗(n,F ) + ϵ  nr , then for every E0 ⊂ [n](r) − E there exists X ⊂ E such that the r-graph with
edge set E0 ∪ X contains at least δnt induced subgraphs each lying in F .
3. Proof of Theorem 2
A partial Steiner (r,m, n)-system on vertex set [n] is a collection of setsD ⊂ [n](m) such that every
r-element subset of [n] appears at most once as a subset of a set inD . Observe that
|D| ≤
n
r
 m
r
−1
.
As proved by Rödl [11], there exist partial Steiner systems which cover almost all r-element subsets.
Theorem 4 (Rödl). For r < m, λ > 0, there exists n0 such that for every n > n0, there exists a partial
Steiner (r,m, n)-systemD such that
|D| ≥ (1− λ)
n
r
 m
r
−1
.
For an r-graph G on vertex set [n] and D ⊂ [n], write G[D] for the induced subgraph on the vertex
set D. For a collection of r-graphs C, let C[D] = {G[D] : G ∈ C}. So C[D] is the projection of C
onto D(r).
Let F , p, ϵ, c,A, t be as in Theorem 2. For convenience, write F < G to denote that there exists
F ∈ F such that F is an induced subgraph of G. For a collection of r-graphs C on a common vertex set
of size k, let
µ(C) = Pr[G(k, p) ∈ C] =

G∈C
pe(G)(1− p)

k
r

−e(G)
be the measure of the set C in the space G(k, p). Thus µ(A) > 2(−c+ϵ)(
n
r ).
Lemma 5. There exist η, γ , λ > 0 and integers m, n0, depending only onF , p, ϵ, such that the following
is true. Let n > n0. Let D = {D1, . . . ,Dd} be a partial Steiner (r,m, n)-system with d ≥ (1 −
λ)
 n
r
 m
r
−1. Let
I = {i ∈ [d] : µ({G ∈ A : F < G[Di]}) ≥ γµ(A)}.
Then |I| ≥ ηd.
Proof. Pick ϵ′, ν, λ > 0 sufficiently small andm, n0 sufficiently large that for all n > n0,m
r
−1 + n
r
−1 ≤ ϵ − c[1− (1− ν)(1− λ)] − ϵ′(1− ν)(1− λ). (1)
Letting cm be the constant given in Proposition 1 for Forb(F ), we also require that m is sufficiently
large that cm ≥ c−ϵ′, i.e., that there are atmost 2(−c+ϵ′)(mr ) r-graphswith vertex set [m]not containing
any induced F ∈ F . We will show that Lemma 5 is true with the constants γ = η = ν/4.
The partial Steiner system D = {D1, . . . ,Dd} consists of sets of size m such that D(r)i ∩ D(r)j = ∅
for i ≠ j, and mr   nr −1d ∈ [1 − λ, 1]. Partition A according to which sets Di induce an r-graph
containing some F ∈ F , i.e.,A = ∪S⊂[d]AS where
AS = {G ∈ A : {i ∈ [d] : F < G[Di]} = S}.
For i = 1, . . . , d, define µi ∈ [0, 1] by
µi = µ({G ∈ A : F < G[Di]}) =

S⊂[d]:i∈S
µ(AS).
With this notation, I = {i ∈ [d] : µi ≥ γµ(A)}. Our aim is to show that |I| ≥ ηd.
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Note that
S⊂[d]
|S|µ(AS) =

i∈[d]
µi ≤ (|I| + (d− |I|)γ )µ(A). (2)
For every S ⊂ [d] and for every i ∈ [d] − S, no G ∈ AS[Di] contains any F ∈ F , and so
µ(AS[Di]) ≤ 2(−c+ϵ′)(mr ) for all i ∈ [d] − S.
Since D(r)i ∩ D(r)j = ∅ for i ≠ j, this implies that
µ(AS) ≤

i∈[d]
µ(AS[Di]) ≤

i∈[d]−S
µ(AS[Di]) ≤ 2(−c+ϵ′)(d−|S|)(mr ).
Hence 
S⊂[d]:|S|<νd
µ(As) ≤ 2d2(−c+ϵ′)(d−νd)(mr )
≤ 2(mr )−1( nr )+(−c+ϵ′)(1−ν)(1−λ)( nr )
≤ 2(−c+ϵ)( nr )−1 by (1)
< µ(A)/2. (3)
Therefore
(|I| + (d− |I|)γ )µ(A) ≥

S⊂[d]:|S|≥νd
|S|µ(AS) by (2)
≥ νd

S⊂[d]:|S|≥νd
µ(AS)
> νdµ(A)/2 by (3), sinceµ(A) =

S
µ(AS).
Rearranging this expression gives
|I|
d
>
ν/2− γ
1− γ ≥ η
as required. 
We are now ready to prove Theorem 2, which follows from Lemma 5 by an averaging argument.
Proof. Let η, γ , λ,m be the constants provided by Lemma 5. Let n be sufficiently large for the
existence of an partial Steiner (r,m, n)-system D covering a proportion of at least 1 − λ of the
r-subsets of [n]. Let
X = {C ∈ [n](m) : µ({G ∈ A : F < G[C]}) ≥ γµ(A)}.
Let σ be a randomly and uniformly chosen permutation of [n], and let Dσ be the partial Steiner
system isomorphic toD under the vertex-permutation of σ . Applying Lemma 5 withDσ and taking
expectations shows that |X | ≥ η  nm .
In particular some r-graph G ∈ A contains at least ηγ  nm  m-sets containing an induced subgraph
lying inF . Each fixed copy of an F ∈ F is included in at most  n−tm−t  m-sets. Hence G contains at least
γ η
 n
m
 n− t
m− t
−1
≥ γ η(2m)−tnt
distinct induced subgraphs each lying in F (provided n ≥ 2t). We can therefore take δ = γ η(2m)−t ,
independent of n, as required. 
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